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We suggest a limit of Einstein equations incorporating the state = as a solution. The large 
scale behavior of this theory has interesting properties. For a spherical source, the velocity profile 
for circular motions is of the form observed in galaxies (approximately flat). For FRW cosmologies, 
the Friedman equation contains an additional contribution in the matter sector. 
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It has long been conjectured that the state g^x) — 
should play a role in gravitation [H, H, 0|. Since in 
Einstein gravity energies, and not just energy differences, 
are the sources of curvature it is particularly relevant to 
determine the true ground state. 

As discussed in [2|, general relativity can be studied 
a t Qui* — by considering the metric and connection 
as independent variables. We shall argue here that the 
Einstein tensor evaluated at zero metric may be non- 
zero. Thus, Einstein equations having g^ v = = as 
a solution read, 



G llv {g) = G llv $) + &KGT tu ,. 



(1) 



G>„(0) is not a fixed object and does not conflict with 
Bianchi identities (see below). Unexpectedly, the new 
piece G^O) induces changes in the gravitational poten- 
tial similar to dark matter. For recent discussions on dark 
matter see HI1- Numerical studies for the density 
profiles have been done in Supersymmetric parti- 

cles are the best candidates for dark matter (for a review 
see @). The lack of direct observation has also led to 
alternative descriptions [7|, |g, [£| ll3| . Discussions on the 
role of metric invertibility have appeared in 0, Q . 

It is important to mention that formulations of gen- 
eral relativity incorporating <? M „ = and without adding 
extra pieces do exist. The simplest [2j uses the viel- 
bein e a and a first order (3— form) Einstein tensor G a = 



tabcdR A e c which is zero at e a 



0. G a and G u 



carry the same information for invertible metrics but they 
clearly differ for non-invertible ones. An advantage of the 
vielbein formulation is that an action exists, but it is not 
quadratic around e a = 0. 

Our first goal is to explore the values of the Einstein 
tensor G M „ at v(x) — 0. We start by reviewing the 
analysis of @ ■ Recall 



G^p — Rfj, v (T) 



(2) 



where we have emphasized that i? /i!y (r) depends only 
on the connection. If g^ v is invertible, the metricity 
condition guv P = yields the Christoffcl symbol T(g). 
On the contrary, if g^vix) = the metricity condition 
yields = 0. This means that the connection decouples 
from the metric and becomes an independent field. The 
ground state g^ u = is thus parameterized by a connec- 
tion field denoted by Tq(x). In particular, at t/ M „ = 0, the 



Ricci curvature R ui/ (Tq) is bounded and a well-defined 
function of To (a;) Q. 

The second term in the Einstein tensor, 
\g^v9 a ^ 'R a p(r), is more delicate. The curvature 
factor is well-defined but the pre- factor becomes g. The 
value of this object at g^ v {x) — can only be defined by 
a limiting process g^(x) — ► 0. 

We are led to consider the creation of a Riemannian 
metric g^{x) starting from g^{x) — 0. Once the met- 
ric is created, it must satisfy Einstein equations. But 
the process of creating it is probably much more com- 
plicated. To put an analogy, consider the creation of a 
particle from two photons. The dynamics of the parti- 
cle, after being created, may be controlled by Newton 
equations. But the creation process itself is described by 
quantum field theory. Nevertheless, classical dynamics 
does provide interesting information. From the relativis- 
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tic energy E(p) — \J m 2 + p 2 ss m + + ■ ■ ■ one discov- 
ers that E(0) = to is the energy to create the particle. 
The goal of this paper is to push a similar analysis for 
the Einstein tensor. The tensor G MJ ,(0) entering in ([TJ) is 
an energy-momentum associated to the transition from 
guv = to g^u 7^ 0. We shall not attempt to find a theory 
describing this process. This is well beyond the scope of 
this paper. But we shall argue that in some cases G Ml/ (0) 
can be computed with interesting consequences. 

Consider paths in the space of metrics starting 
a t g^v = 0. For every given path, the value of 
lim s ^o \_\9fiv9 a ^ RapiX)\ can be computed. Since this 
object has the structure ^ the result may be zero, fi- 
nite or divergent. We work under the assumption that a 
process creating metrics from g^ v = exists. Then we 
are led to assume that the relevant paths (with physical 
meaning) are such that lim 5 ^o \_\g iiv9 a ^ RapiX)] IS zer0 
or finite. This assumption is enough to guess its form. 
This object is a rank-two symmetric tensor with dimen- 
sions of curvature. At g^ v = the only field is Tq and 
there are not too many tensors with these properties. We 
postulate lim 5 ^ [\g^ v g al3 Rap] = X' R^(T ) where 
A' is a dimensionless parameter depending on the path. 

Our proposal for the Einstein tensor at zero metric is 
then summarized as 



G A1 j / (0) — XR^^Tq) 



(3) 



where A = 1 — A'. 
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Let us now argue that the connection Fo(x) is also 
a function of the path. The point is that the Christoffel 
symbol T(g) ~ \g~ x dg becomes also ^ at g^(x) = [Hj], 
in consistency with the fact that the metricity condition 
becomes = 0. If at g^ u = the connection is Tq(x) 
then continuity implies 



r (a;) = lim T(g), 



(4) 



where the limit is taken along the chosen path. In sum- 
mary, G M y(0) is a function of the path describing the 
creation of the metric. 

We now turn to the examples where symmetry princi- 
ples together with Bianchi identities allow the determi- 
nation of G M „(0). 

Spherical sources and galactic rotation curves. 

Consider, for example, the "creation" of a spherically 
symmetric spacetime. The initial state is characterized 
by g fiI/ (x) = and a connection Tq(x). The final state is a 
spherically symmetric metric g^i/{x), with its associated 
Christoffel connection T(g). 

If the final state is spherically symmetric it is reason- 
able to assume that Tq(x) must also be spherically sym- 
metric. This can be understood as a selection rule be- 
tween the final and initial state. The general form for a 
spherically symmetric metric is, 



ds 2 = -A 2 {r)dt 2 + B 2 {r)dr 2 + C 2 {r)dVl 2 
and the non-zero curvature components are, 



Rtt(g) 



A (A[_ 
B \ ~B 



2A A'C 



A" A' B' 
Rrr(g) = - 7 + TI 



C B 2 
2C" 



(5) 



(6) 



Ree(g) 



CCA' 
A B 2 



C 

c fq_ 

B\B 



2B>a 

B C y ' 



B 2 



+ 1 (8) 



plus i?^^ = sin(6') 2 i?6i6(- We shall evaluate i? M „(r ) en- 
tering in by taking the limit A,B,C — > of these 
expressions. Note that the gauge C — r cannot be fixed 
too soon because one looses the possibility of exploring 
g^v — y 0. Interestingly, this residual gauge freedom will 
play an important role below. 

As expected, R^iTo) has the structure ^ as A, B, C — > 
0. Recall that A(r) — > for all r implies A'(r) — > too 
(assuming functions C°°). However, A' is not a scalar 
under the residual radial redefinitions of ([5]). In princi- 
ple, one could do radial re-scalings and keep A'(r) finite. 
An invariant way to represent A' — > avoiding this am- 
biguity is 



A' 

B^°- 



(9) 



This is equivalent to — > with p the proper radial 
coordinate. We shall postulate that during the transition 
© holds. The same analysis is valid for C(r) and thus 



C'/B — > 0. Coordinate invariance of the limit then fixes 
some of the quotients appearing in ([7]) to be zero. 

Consider now quotients of the form 4" '17 appearing 
in i? rr (To). These have a completely different interpre- 
tation. On the one hand R rr is not a scalar under ra- 
dial rescalings. On the other limA-»o A' /A cannot be 
fixed to any particular value. As a toy example consider 
A = a + br with Yitcia^o A 1 / A — lim a .b^o b/(a + br). If 
wc set 6^0 first and then a — > we obtain zero. In the 
reverse order we obtain 1/r. Setting a = b — > yields 
1/(1 + r). In summary, the limit lim ^- is finite but com- 
pletely arbitrary depending on the path near A = 0. For 
a general function A(r) = ciq + air + a2r 2 + • ■ ■ the limit 
A' I A is fully arbitrary. 

In summary, for spherical symmetry -R^^o) has the 
form, 

R tt (T ) = 0, R rr (r )=q(r), R ee {T ) = l, (10) 

(plus i?^^ = sin 2 (#)) where q{r) is an arbitrary function 
built from A' /A, C'/C, etc. As we now show, Einstein 
equations fix q(r). 

We insert (fT0|) in (p} and solve for the functions A, B, q 
in the radial gauge C = r. Consider first the 'exterior' 
problem with = 0. Since i? tt (r ) = 0, the tt Ein- 
stein equation can easily be solved obtaining the usual 
Schwarzschild formula for B 2 (r) 



B\r) = 1 



2m n G\ 1 



(11) 



where mo is an integration constant associated to the 
total 'visible' matter (see below). The rr and 99 Ein- 
stein equations are more complicated. It is convenient to 
redefined the metric function A 2 (r) as 

A\r) = (l- 2 -^) W \r). (12) 

The rr and 99 Einstein equations ([T]) become, 



2m G\ „ 
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w 



^ = Xrq (13) 
w 

— —Jw = aw. (14) 



These are two equations for two unknowns w(r) and q(r). 
As promised, all unknown functions are thus determined 
by the equations of motion. 

The exact solution to (fl"4"|) is available but we restrict 
the discussion here to the non-relativistic limit c — > oo 
and expand the solution in powers of 1/c 2 . The geometry 
outside a Galaxy is approximately flat thus w(r) must be 
of the form w(r) = 1+corrections. This implies that A 
must be small and scale with c as 



A 



k_ 

72' 



(15) 
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The solution for w(r) becomes 



1 



W = 1 + 2d 2 ^° ln(r/ro) + k ln2 ( r / r ")) + 



(16) 



where Co and r$ are integration constants. The term 
proportional to Co is the log branch which give rise to 
Galactic flat rotation curves. In fact, a test particle in 
circular motion at distance r from the center has a speed, 



v 2 (r) = r$', 



(17) 



where the Newtonian potential $ is determined from 

A 2 ~ 1 + 2$(r)/c 2 H . Inserting ((TSJ) and (JT6J) the 

velocity (TT7D is 

r 2 

The first term is the usual 'visible' matter contribution. 
This is now superposed with a constant contribution Co 
characteristic of flat rotation curves. The third term is 
a correction proportional to k. We see that the dark 
halo is independent of the visible matter, at least to this 
order. Adjusting Co,ro and k, (|T5|) has the right shape 
for realistic situations. 

Let us now briefly consider the interior solution with 
Tfn, ^ parameterized by a mass density p(r) and pres- 
sure p(r). This is relevant for motions inside a galaxy. 
As usual for interior solutions, it is convenient to param- 
eterize the metric functions as, 



2m(r)G\ 1 



A 2 = e 2 *M/ c ~ 1 



2$(r) 



(19) 
(20) 



where m(r) and <I>(r) are undetermined functions. In the 
non-relativistic limit, the tt Einstein equation |T]) and 
energy-momentum conservation give m! = Airpr 2 and 
p' = — respectively, coinciding with the usual for- 
mulae. Next, the rr Einstein equation fixes the value of 
q(r), which we don't display here. Finally, using (|15p . 
the 96 equation becomes 

W _(!!!WGy_* (21) 

\ r J r 

from where $(r) can be determined. The velocity profile 
becomes, 

9 . . m(r)G Co , , , , „ 
v 2 (r) = y ' + -^ + k m(r/r ). (22) 
r 2 

where we have chosen an integration constant to coincide 
with (TT8"]) . Continuity between the exterior, (TT5)) , and 
interior, (|22p. solutions is thus manifest adjusting mo to 
be the total visible matter. 



Friedman-RW models. Our next example is a cosmo- 
logical model described by the metric 



-N 2 (t)dt 2 + a{tf 



dr 2 



1 — fcr 2 



(23) 



We would like to find the evolution equation for a(t) im- 
plied by ([1]). The steps to solve this problem are exactly 
the same as those for the spherical source. The non-zero 
independent components for the Ricci tensor are, 



Ru(g) 

Rrr{g) 



3d 3Na 
a N a 



1 



1 — kr 2 



aaN 
"W 



a a 
N 2 



2a 2 
N 2 



+ ^7 + 2k 



(24) 
.(25) 



and we study their limit as N, a — ► 0. Imposing the 
proper condition lim jr = and leaving 
arbitrary functions, i? M j/(ro) is 



and as 



Rtt{T ) = q(t), Rrr(T ) = 



2k 



1 — kr 2 



(26) 



where q(t) is an arbitrary function of time. Replacing 
(|26f in ([lj, in the gauge N(t) = 1, the independent Ein- 
stein equations (TT]) including an ideal fluid characterized 
by a pressure p(t) and density p(t) are 



2ad 



1 , . , 8itG , . 

-2\k-8nGa 2 p(t), 
(pa 3 )- = -p(a 3 )- 



a* a 

a2 i 



(27) 

(28) 
(29) 



If A was zero, ([27]) is the Friedman equation, and (|28l) is 
related to it by a Bianchi identity. But, if A ^ 0, |27|) 
fixes q(t) and (|28p is independent becoming the dynami- 
cal equation for a(t). Again, all arbitrary functions have 
been fixed. 

Multiplying l|28p by d it can be integrated once, 



a 2 k(l + 2A) 8ttG 



3 



C 

^3" 



(30) 



where C is an arbitrary integration constant. 

This equation differs from the usual Friedman equa- 
tions in two respects. First, the curvature term 1/a 2 
appears "renormalized" . Second, there is an extra con- 
tribution C/a 3 which increases the visible density p. The 
exponent a~ 3 yields the correct equation of state for dark 
matter. Thus, adjusting the integration constant C, this 
equation becomes consistent with observations without 
adding extra components. 

To conclude, we have explored dark matter as a topo- 
logical contribution to Einstein equations. Since dark 
matter is known not to interact with ordinary matter 
this is an attractive possibility. Both galactic flat rota- 
tion curves and extra matter in the Friedman equation 
arise in natural way within this framework. It is interest- 
ing to observe that G^ u (0) does not explicitly introduce 
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extra matter. The mechanism is different. The first or- 
der Einstein equations fix r (x). The second order Ein- 
stein equations, normally related to the first order ones 
by Bianchi identities, now become independent having 
extra integration constants. 

There are several open problems. Most importantly, 
the general dynamical equation for Tq which is required 
for general problems like fluctuations. We shall come 
back to this problem elsewhere. 
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